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HAMILTONIAN CIRCLE ACTIONS ON EIGHT
DIMENSIONAL MANIFOLDS WITH MINIMAL FIXED
SETS
DONGHOON JANG AND SUSAN TOLMAN
Abstract. Let the circle act in a Hamiltonian fashion on a closed
8-dimensional symplectic manifoldM with exactly five fixed points,
which is the smallest possible fixed set. In [GS], L. Godinho and
S. Sabatini show that if M satisfies an extra “positivity condi-
tion” then the isotropy weights at the fixed points ofM agree with
those of some linear action on CP4. As a consequence, H∗(M ;Z) =
Z[y]/y5 and c(TM) = (1 + y)5. In this paper, we prove that their
positivity condition holds for M . This completes the proof of the
“symplectic Petrie conjecture” for Hamiltonian circle actions on 8-
dimensional closed symplectic manifolds with minimal fixed sets.
1. Introduction
The classification of Hamiltonian S1-actions is an important subject
in symplectic geometry. Although in general the problem is probably
too hard to be tractable, progress has been made in special cases. In
particular, let (M,ω) be a closed 2n-dimensional symplectic manifold
with a Hamiltonian circle action such that H2i(M ;R) ∼= H2i(CPn;R)
for all i. Since [ω]i 6= 0 for 0 ≤ i ≤ n, this means that M has the small-
est possible even Betti numbers. In analogy with the Petrie conjecture
[P], one can reasonably hope to classify all the possible (equivariant)
cohomology rings and (equivariant) Chern classes of the manifold M .
This project, which was first proposed by the second author in [T],
has been successfully carried out in a number of special cases. In that
paper, the author shows that if dimM = 6 only four cohomology rings
can arise, and the Chern classes are uniquely determined by the ring
in each case. (An earlier paper also solved the problem when dimM =
6 and the fixed points are isolated [A]; see also [H2].) Additionally,
Hattori’s results in [H1] imply that if dimM = 2n the first Chern class
of M must be at most n+ 1 times a primitive generator of H2(M ;Z).
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Moreover, if the multiple is n+1, the cohomology ring and Chern classes
ofM agree with those of CPn; if the multiple is n then n > 1 is odd and
they agree with those of G+2 (R
n+2), the Grassmannian of oriented two
planes in Rn+2. Alternatively, ifM has only two fixed components then
again the cohomology ring and Chern classes of M agree with those of
either CPn or G+2 (R
n+2) [LT]. If M is Ka¨hler, the same claim holds in
some cases with three fixed components [Lh]. Finally, several papers
consider the same situation but work with finer geometric or topological
invariants, classifying such spaces up to (equivariant) diffeomorphism
or symplectomorphism [M, LOS, Lh].
In this paper, we consider the case that all the fixed points are iso-
lated. Because the family of almost complex structures J on M com-
patible with ω is contractible, this implies that there is a multiset of
n non-zero integers wp1, . . . , wpn, called isotropy weights, associated
to each fixed point p ∈ MS
1
. Moreover, the moment map φ : M → R
is a perfect Morse function, the critical points are the fixed points,
and the index of each critical point is twice the number of negative
weights (counted with multiplicity). Therefore, there are at least n+1
fixed points, and H2i(M ;R) ∼= H2i(CPn;R) for all i if and only if there
are exactly n + 1 fixed points – one fixed point of index 2i for each
i ∈ {0, . . . , n}. In this case, the following holds [T]: The isotropy
weights at the fixed points completely determine the ordinary cohomol-
ogy ring H∗(M ;Z), the equivariant cohomology ring H∗S1(M ;Z), its
restriction to the equivariant cohomology of the fixed set H∗S1(M
S1 ;Z),
and the (equivariant) Chern classes1. Hence, to classify the possible co-
homology rings and Chern classes, it is enough to classify the possible
isotropy weights.
In their paper [GS], L. Godinho and S. Sabatini show that if M is 8-
dimensional, has exactly fixed fixed points, and satisfies an extra “pos-
itivity condition” (P+0 ), then the isotropy weights at the fixed points of
M agree with those of some linear action on CP4; see Definitions 3.1,
3.2, and 3.3, and Theorem 3.4. In Theorem 3.9, we show that the pos-
itivity condition (P+0 ) is always satisfied for these manifolds. Thus, we
prove the following theorem:
Theorem 1.1. Consider a Hamiltonian circle action on a 8-dimensional
closed symplectic manifold (M,ω) with exactly 5 fixed points. Then
the isotropy weights at the fixed points of M agree with those of some
linear action on CP4. As a consequence, H∗(M ;Z) = Z[y]/y5 and
1 The equivariant cohomology of M is H∗
S1
(M) := H∗(M ×S1 ES
1), where
ES1 is a contractible space on which S1 acts freely. Similarly, the equivariant Chern
classes of M are the Chern classes of T (M)×S1 ES
1 →M ×S1 ES
1.
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c(TM) = (1+ y)5; moreover, the equivariant cohomology and equivari-
ant Chern classes of M and CP4 agree.
Remark 1.2. If M is a homotopy CP4, then by [J] the (equivariant)
cohomology and (equivariant) Pontryagin classes of M and CP4 agree.
To prove Theorem 3.9, we develop several tools to analyze the la-
belled multigraphs that describe circle actions on almost complex man-
ifolds with isolated fixed points2; see Lemma 3.5 and Corollary 3.7. We
believe that these will be useful more generally in classifying such ac-
tions. For example, these claims could have reduced the number of
cases that Godinho and Sabatini needed to consider in order to prove
Theorem 3.4; cf. [GS].
Unfortunately, the proof of Theorem 3.9 fails in higher dimensions;
we do not know if all Hamiltonian circle actions with minimal fixed
sets satisfy the positivity condition (P+0 ). However, condition (P
+
0 )
is not satisfied for general Hamiltonian actions; see [GS, Remark 5.7].
In contrast, we do not know any counter-examples to the following
general question; an affirmative answer to it would imply that (P+0 )
holds whenever the fixed set is minimal:
Question 1.3. Let the circle act on a closed symplectic manifold (M,ω)
with isolated fixed points and with moment map φ : M → R. Does there
exist a labelled multigraph describing M so that φ(i(e)) < φ(t(e)) for
every edge e?
Finally, we would like to thank the anonymous referees for helping
us to improve our exposition.
2. The main technical tool
In this section, we prove our main technical tool, which gives restric-
tions on the smallest positive weight for actions on almost complex
manifolds (and therefore symplectic manifolds).
Let the circle act on a closed 2n-dimensional almost complex mani-
fold with isolated fixed points3. As before, there is a multiset wp1, . . . , wpn
of isotropy weights at each fixed point p. In analogy with the Hamil-
tonian case, define the index of a fixed point p to be 2λp, where λp is
the number of negative isotropy weights at p. Let Nk be the number
of fixed points of index 2k, and let σk denote the elementary symmet-
ric polynomial of degree k in n variables. In [Lp], P. Li proves the
following:
2 See Definitions 3.1 and 3.2.
3 We assume the action preserves the almost complex structure.
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Theorem 2.1. Let the circle act on a closed 2n-dimensional almost
complex manifold (M,J) with isolated fixed points. Then for all 0 ≤
k ≤ n,
∑
p∈MS1
σk(t
wp1, · · · , twpn)∏n
j=1(1− t
wpj)
= (−1)kNk.
Kosniowski proved a claim analogous to Proposition 2.2 below for
holomorphic vector fields on complex manifolds with simple isolated
zeroes [K]. Closely following his idea, we use Theorem 2.1 to prove the
following:
Proposition 2.2. Let the circle act on a closed 2n-dimensional almost
complex manifold (M,J) with isolated fixed points. Let a be the smallest
positive isotropy weight that occurs at any fixed point. Given any k ∈
{0, 1, . . . , n− 1}, the number of times the isotropy weight −a occurs at
fixed points of index 2k+2 is equal to the number of times the isotropy
weight +a occurs at fixed points of index 2k.
Proof. Fix an integer k ∈ {0, 1, . . . , n− 1}. By Theorem 2.1,
Nk =
∑
p∈MS1
(−1)k
σk(t
wp1 , · · · , twpn)∏n
j=1(1− t
wpj)
=
∑
p∈MS1
(−1)λp+k
σk(t
wp1 , · · · , twpn)
∏
wpj<0
t−wpj∏n
j=1(1− t
|wpj |)
.
Here,
∏
wpj<0
t−wpj denotes the product of the t−wpj over j ∈ {1, . . . , n}
satisfying wpj < 0.
Moreover, by reversing the action if necessary, we may assume that
there is no isotropy weight b at any fixed point with |b| < a. Thus, as
t→ 0, at any fixed point p we have
σk(t
wp1, · · · , twpn)
∏
wpj<0
t−wpj =


νp(a)t
a +O(ta+1) if λp = k − 1
1 +O(t2a) if λp = k
νp(−a)t
a +O(ta+1) if λp = k + 1
O(t2a) otherwise,
where νp(±a) is the number of times the weight ±a occurs at p. Simi-
larly,
n∏
j=1
(
1− t|wpj |
)
= 1−
(
νp(a) + νp(−a)
)
ta +O(ta+1).
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Together, the three displayed equations imply that
Nk = −
∑
λp=k−1
νp(a)t
a +
∑
λp=k
(
1−
(
νp(−a) + νp(a)
)
ta
)
−
∑
λp=k+1
νp(−a)t
a +O(ta+1),
where each sum is over all fixed points with the given number of neg-
ative weights. Therefore, since Nk =
∑
λp=k
1, taking the leading coef-
ficient of the Taylor expansion gives us
(2.3)
∑
λp=k
(
νp(−a) + νp(a)
)
=
∑
λp=k−1
νp(a) +
∑
λp=k+1
νp(−a).
By definition, there are no fixed points with negative index, and
points of index 0 have no negative weights. Hence for k = 0 (2.3)
simplifies to ∑
λp=0
νp(a) =
∑
λp=1
νp(−a),
which proves the claim in this case. Moreover, if we assume that∑
λp=k−1
νp(a) =
∑
λp=k
νp(−a), then (2.3) immediately implies that∑
λp=k
νp(a) =
∑
λp=k+1
νp(−a). Hence, the claim follows by induc-
tion. 
3. Consequences for multigraphs
The main goal of this section is to prove Theorem 3.9. First, we
review some material, which we adapt from [GS]. Let the circle act
on a closed almost-complex manifold (M,J) with isolated fixed points.
Given a fixed point p ∈ MS
1
with isotropy weights wp1, . . . , wpn, let
Γp =
n∑
i=1
wpi.
Definition 3.1. A labelled (directed) multigraph is a set V of
vertices, a set E of edges, maps i : E → V and t : E → V giving the
initial and terminal vertices of each edge, and a map w from E to the
positive integers.
We say that a multigraph contains a self-loop if there exists an edge
e that connects a vertex to itself, that is, i(e) = t(e). Similarly, the
multigraph has multiple edges if there exist distinct edges e and e′
with i(e) = i(e′) and t(e) = t(e′). A priori, both are allowed.
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The next two definitions correspond to [GS, Definition 4.9] and [GS,
Definition 4.12], respectively.
Definition 3.2. We say that a labelled multigraph with vertex set
MS
1
describes M if the following hold:
(1) The multiset of isotropy weights at p is {w(e) | i(e) = p} ∪
{−w(e) | t(e) = p} for all p ∈MS
1
; and
(2) For each edge e, the two endpoints i(e) and t(e) are in the same
component of the isotropy submanifold MZ/(w(e)).
Definition 3.3. We say that M satisfies the positivity property
(P+0 ) if it can be described by a labelled multigraph so that
Γi(e) ≥ Γt(e)
for every edge e.
The following theorem is an immediate consequence of [GS, Theorem
1.3].
Theorem 3.4. Consider a Hamiltonian circle action on an 8-dimensional
closed symplectic manifold M with exactly five fixed points. If M satis-
fies the positivity property (P+0 ), then the isotropy weights at the fixed
points of M agree with those of some linear action on CP4.
Here, a linear action on CP4 is the action induced by an embedding
S1 →֒ U(5), where U(5) acts on CP4 by the defining representation.
With this theorem as motivation, we explore the consequences of
Proposition 2.2 on the labelled multigraphs that describe actions on
almost complex manifolds. Our first lemma shows that we do not need
multigraphs with self-loops.
Lemma 3.5. Let the circle act on a closed almost-complex manifold
(M,J) with isolated fixed points. There exists a labelled multigraph
describing M such that, for each edge e, the index of i(e) in the isotropy
submanifold MZ/(w(e)) is two less than the index of t(e) in MZ/(w(e)).
In particular, the multigraph has no self-loops.
Proof. Fix l ∈ N. There cannot be any positive weight in the isotropy
submanifold MZ/(l) that is smaller than l. Therefore, by applying
Proposition 2.2 to each component Z ⊂MZ/(l), we see that the number
of times the weight −l occurs in points of index 2k in Z is equal to the
number of times the weight +l occurs in points of index 2k − 2 in Z.
Both claims follow immediately.

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Remark 3.6. In contrast, we sometimes need multigraphs with multi-
ple edges. For example, there are circle actions on S6 ∼= G2/SU(3)
that preserve a natural almost complex structure and have exactly
two fixed points. Any labelled multigraphs describing these examples
must have multiple edges. Similarly, for ℓ = 4 or 5, there exists a
Hamiltonian circle action on a 6-dimensional closed symplectic man-
ifold with exactly four fixed points that have the following isotropy
weights: {−1,−2,−3}, {1,−1,−ℓ}, {1, ℓ,−1}, and {1, 2, 3} [M]. Again,
any labelled multigraphs describing this example must have multiple
edges.
This lemma has the following consequence for Hamiltonian actions.
Corollary 3.7. Let the circle act on a 2n-dimensional closed symplec-
tic manifold (M,ω) with isolated fixed points and with moment map
φ : M → R. There exists a multigraph describing M with the following
property: if e is an edge such that either the index of t(e) is 2 or the
index of i(e) is 2n− 2, then φ(i(e)) < φ(t(e)).
Proof. Let e be an edge such that the index of t(e) is 2. By the lemma
above, the index of i(e) in the isotropy submanifold MZ/(w(e)) is 0.
Hence, i(e) is the unique point in the component ofMZ/(w(e)) containing
t(e) where φ achieves its minimum. A fortiori, φ(i(e)) < φ(t(e)). The
remaining case is similar. 
To prove our main theorem, we need the following proposition:
Proposition 3.8. Let the circle act on a 2n-dimensional closed sym-
plectic manifold (M,ω) with exactly n+1 fixed points and with moment
map φ : M → R. Then we can label the fixed points p0, p1, . . . , pn so
that pi has index 2i, and
φ(pi) < φ(pj) and Γpi > Γpj for all i < j.
Proof. As we saw in the introduction, we can label the fixed points
p0, p1, . . . , pn so that pi has index 2i; moreover, H
i(M ;R) = H i(CPn;R)
for all i. Therefore, the claim follows immediately from Proposition 3.4
and Lemma 3.23 in [T]. 
We are now ready to prove our key technical result. Recall from the
introduction that, when taken together with Theorem 3.4, it immedi-
ately implies Theorem 1.1.
Theorem 3.9. Consider a Hamiltonian circle action on an 8-dimensional
closed symplectic manifold (M,ω) with exactly 5 fixed points. Then M
satisfies the positivity property (P+0 ).
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Proof. By Proposition 3.8, we can label the fixed points p0, p1, . . . , p4
so that pi has index 2i, and φ(pi) < φ(pj) and Γpi > Γpj for all i < j.
Hence, by Lemma 3.5 and Corollary 3.7, M is described by a labelled
multigraph with no self-loops such that the edge e′ with t(e′) = p1 and
the edge e′′ with i(e′′) = p3 satisfy φ(i(e
′)) < φ(t(e′)) and φ(i(e′′)) <
φ(t(e′′)). Therefore, we must have i(e′) = p0 and t(e
′′) = p4. By
considering the remaining istropy weights, it is clear that for any other
edge e, the index of i(e) is at most 4 and the index of t(e) is at least
4. Since there is only one point of index four and no self-loops, this
implies that the index of i(e) is less than the index of t(e) for every
edge e. The claim follows immediately. 
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